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ABSTRACT 
Solid exchange between the bubble wake and emulsion phase in a two-
dimensional gas-fluidized bed was experimentally investigated. · A series of I 
experiments was carried out in an initially segregated two-dimensional bed, fluidized 
with air at ambient temperature and pressure. The dependency of the wake 
exchange coefficient on bubble size and on the minimum fluidization velocity was 
investigated, and model predictions by Chiba et al. and Kocatulum for the wake 
exchange coefficient were compared with the experimental results. The wake 
exchange coefficient was found to decrease with increasing bubble size, varying more 
strongly for particles having relatively low values of minimum fluidization velocity. 
Jn addition, tangential particle velocities on the periphery of a rising bubble were 
measured using a high speed video system. These confirmed the existence of a 
stagnant region near the centerline of the bubble wake, as predicted by Kocatulum 
and others. 
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1. INTRODUCTION 
" Fluidization "is a process by which fine solids are transformed into a fluid-like 
state through contact with a vertical upward liquid or gas flow. A fluidized bed is 
· obtained · by· the fluidization of a · bed of particles which are supported on a· 
distributor. 
At low flow rates, the fluid flows through the void spaces between the 
particles, and the particles are stationary and in contact with each other. This is a 
fixed bed. At higher flow rates, the particles begin moving apart and some vibrate 
and move about locally within the bed. 
At a still higher velocity, a stage is reached such that the drag force exerted 
on the particles by the fluid balances the weight of the particles and the particles are 
suspended in the upward flowing gas or liquid. The bed at this stage is said to be 
fluidized and it is referred to as an incipiently fluidized bed or a bed at minimum 
fluidization conditions. 
Depending on the type of fluid used in this process, beds are referred to as 
either liquid- fluidized or gas-fluidized beds. 
Both gas and liquid fluidized beds are considered to be dense phase fluidized 
beds as long as there is a clearly defined upper surface to the bed. However, at 
sufficiently high flow rates, the solids are carried out of the bed with the fluid 
stream. This state is defined as a dilute or lean phase fluidized bed. 
A dense phase gas fluidized bed exhibits a liquid-like behavior. For example, 
objects whose specific gravities are less than that of the fluidized bed will float on 
the surface. The upper surface of the bed will remain horizontal when the container 
is tilted. The levels of two fluidized beds will equalize when connected. Solids will 
2 
,, 
l 
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flow from a hole. The p.ressure- difference between any two points in the bed will be 
roughly equal to the static head between these points. These liquid-like properties of ·1 __ .., .. , 
the fluidized beds are made use of in various commercial applications. 
Fluidized bed technology has been in commercial use since the 1920's when 
the first application was gasification of coal. At present, fluidized bed technology is 
widely used throughout the petroleum industry and in other applications such as 
chemicals and nuclear fuel preparation, iron reduction with oxygen, drying of solids 
such as salts, polymer grains, wheat and other grains, plastics production, coal 
gasification, cement production, coating of plastics on metals, coal combustion, 
particulate solids transportation, waste incineration and many others. 
In a fluidized bed, mixing and segregation occur simultaneously. Both mixing 
and segregation are caused solely by the bubbles. Depending on the type of bed 
operation, either good mixing or segregation of particulate species is desired. For 
example, a fluidized bed industrial boiler is a good example of a system where strong 
mixing is desired in order to avoid hot spots and stagnant regions that result in 
clinkering, caking or both. A fluidized bed classifier is a good example where strong 
segregation is desired. 
Three of the mechanisms which are responsible for the solids motion in the 
bed and which are frequently cited in the literature are circulation, wake exchange 
and segregation. 
In a bubbling fluidized bed, solids are picked up at the bottom and lifted 
towards the bed surface in the bubble wakes. At the top, the wake contents are 
deposited and join the emulsion phase. Particles which are carried upwards by the 
bubbles descend in the bubble-free regions. This up and down motion of the particles 
in the bed is referred to as circulation. 
3 
While the bubble carries particles in its wake, part of the wake content is 
shed en r~ute. This motion of the particles between the emulsion and wake phases is 
referred to as wake exchange. 
While the bubbles rise through the bed, the denser and, larger particles tend 
to fall faster through the temporarily disturbed region behind each wake [ 40 ]. This 
prefere:Q_tial motion of particles is referred to as segregation. 
Circulation and wake exchange take place whether or not there are physical 
differences between the components. Segregation, on the other hand, exists only 
when there is nonhomogeneity, and it is mainly due to density and/or size 
differences. 
Several mathematical models have been developed for the calculation of 
segregation and mixing patterns of different species. Generally, the bed is assumed to 
consist of two phases, namely a wake phase and an emulsion phase and several 
mechanisms, some of which are described above, are built into the models to account 
for the competitive effects of segregation and mixing. 
This thesis is concerned with the rates of wake exchange. The two theoretical 
models for the wake exchange which are available in the literature [ 43, 50 ] depend 
on different physical parameters and they give different results, except at one level of 
minimum fluidization velocity. The available experimental data on this phenomenon 
are too limited to be of value in validating either t4eoretical model. The objective of 
the present study was to obtain sufficient data on the wake exchange with two-
dimensional bubbles to permit a comparison with the existing theories. In addition 
measurements were performed using a high speed video system to determine if a 
portion of the wake remains stagnant as the bubble rises through the bed. If it 
' 
exists, the presence of a stagnant region in the wake would have a large effect on 
4 
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rates of solids transport through the bed due to bubble motion . 
.. 
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2. REVIEW OF FLUIDIZATION THEORY 
2.1. Particles and Fluidized Beds ' . 
,, 
Particle size, size distribution, shape and density of particles and bulk density 
are some of the fundamental parameters in fluidized bed technology. These 
parameters influence the behavior of both fixed and fluidized beds. 
2.1.1. Particle Size and Shape 
Particles of any shape can be used in fluidization. For particles of other than 
spherical shape, several ways are used to define its size. Four definitions of interest 
for fluidized beds are as follows: 
dp = sieve size ; the width of the smallest square opening through which the 
particles will pass. 
dv = volume diameter ; the diameter of a sphere having the same volume as 
the particle. 
dsv = surface/volume diameter ; the diameter of a sphere having the same 
external surface/volume ratio as the particle. 
ds = surface diameter ; the diameter of a sphere having the same surfate 
as the particle. 
Various standard sets of screens are available for the measurement of the sieve size, 
dp. The Tyler standard screens are most commonly used. Table 1 presents a listing 
of mesh numbers ( openings/in2) and corresponding aperture sizes. For example 
particles that pass through the 100-mesh screen but are retained on the 200-mesh 
screen are referred to as -100,+200 mesh particles. 
r 
Screen analysis approximates dv for irregular, nearly spherical particles. But 
6 
11;, 
. •,) 
for particles far from ~pherical, it overestimates d.,. For ~egular, nonspherical 
particles screen analysis may underestimate· (tlakes,disks) or may overestimate dv 
(rods,slivers) and generally it gives the second largest dimension of the particle [ 1 ]. 
Table 1 Tyler Standard Screen Apertures 
Aperture 
Mesh Number (in.) (µm) 
20 0.0328 833 
30 0.0203 520 
40 0.0150 380 
50 0.0110 280 
60 0.0092 230 
70 0.0078 200 
80 0.0070 180 
100 0.0058 147 
120 0.0046 117 
150 0.0041 104 
180 0.0033 84 
200 0.0029 74 
325 0.0017 43 
400 0.0015 38 
In general, particles in a bulk solid are irregular in shape rather than being spherical 
and it is shown that the shape of the constituent particles is an important 
characteristic since it has an effect on their packing and flow behavior. Therefore 
some measure of particle shape is necessary. Various terms such ~ acicular, flaky, 
nodular, and so on are used to give a qu~tative indication of the general shape of 
7 
•• 
the particles. 
The -most common quantitative shape factor used to indicate the shape of 
. . 
particles is the sphericity, · <f,, which is defined as: · 
<f, = 
surface area of the sphere 
surface area of the particle 
(1) 
volume 
For a perfect sphere <f, = 1 and for all other particle shapes 0< </,< 1. Sphericities of 
some common solid particles are listed on Table 2. 
Table 2 Sphericities of Some Common Solids [ 2 ] 
Crushed coal 0. 75 
Crushed sand stone 0.8-0.9 
Round sand 0.92-0.98 
Crushed. glass 0.65 
Mica flakes 0.28 
Sillimanite 0. 75 
Common salt 0.84 
2.1.2. Mean Size and Distribution 
In a bulk mass consisting of spherical particles of different sizes, the mean 
< 
' 
surface/volume size is used to give a quantitative indication of the size of the 
particles constituting the bulk. 
8 
", 
If a bulk solid of mass m bas a size range consisting of N 1 spherical ,particles . 
of size d1 , N2 of size d2 , and so on, the mean surface/volume size is: 
dsv = 
or 
Ex 
dsv = E x/d . 
(2) 
(3) 
. .. 
where x is the weight fraction of particles in each size range. If sieving is used and 
d1 , <Li,··· are replaced by the averages of the adjacent sieve apertures ,dpi , the 
equation becomes, 
(4) 
In practice it is highly probable that bulk solids comprise a large number of particles 
of non-uniform size. In order to describe such a material completely it is necessary to 
determine the particle size distribution. It is generally convenient to present this 
information graphically. Once the distribution is measured, the weight percentage in 
a size range can be plotted against the average particle size. Figure 1 shows such a 
plot. This plot can show the peculiarities of the distribution. 
2.1.3. Particle Density 
Particle density is defined as the ratio of particle mass to parti~olume: 
,, , 
mp 
Pp= -v; p 
9 
(5) 
The volume includes the naturally occuring voids inside the particle. For nonporous 
solids, particle density is _equal ·to the absolute density of the material. But for 
porous solids, Pp is smaller than Pabs· The particle density is not same as the bulk 
. density, Pb , which includes the voids between the particles. 
2.1.4. Voidage and Bulk Density 
Irrespective of whether particles constituting a bulk solid are of regular or 
irregular shape, when they are put together there will be a certain amount of free 
space between them. 
The percentage of total volume occupied by the spaces is referred to as the 
voidage or void fraction and is denoted by f. Thus, 
f = volume of voids 
total volume of particles and voids 
(6) 
or 
f= 
vsolids + vvoids 
(7) 
Typical values of the voidage in static bulk materials consisting of monosized spheres 
would range from 0.26 to 0.48 [ 3 ]. But the voidage could be much higher if the 
bulk material · consists of particles of extremely irregular shape (lower sphericity), 
narrow size spread, rough surface and especially if they are also of very small size. 
Another characteristic property of particulate material is the bulk density Pb, 
which can be defined as the mass of the material divided by its total volume 
(particles and voids). Thus, 
p _ msolids + nlvoids 
b - vsolids + vvoids 
10 
(8) 
.. -"" ... 
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Bulk density can be expressed in terms of particle density Pp, the fluid density in the 
void spaces Pt and voidage t, as, 
:, . 
(9) 
For dry bulk solids where the void spaces .are occupied with air, the density Pt is 
negligible compared with Pp· So, the relationship between bulk density and particle 
density becomes: 
(10) 
2.1.5. Flow Through Packed Beds 
.1 
When a fluid is forced to pass upward through a bed of solids at a relatively 
low velocity, it will move through the void spaces between the particles. In this case, 
the solid particles will remain undisturbed, touching each other. The system in this 
state is referred to as a fixed (packed) bed. 
The pressure drop across a fixed bed is a function of the average fluid 
velocity through the bed tto, the fluid's viscosity µt and density Pt, voidage t, 
sphericity of particles q, and particle diameter dp. The pressure drop through fixed 
beds of uniformly sized solids has been correlated by Ergun [ 4 ] as: 
(11) 
where the first term on the right hand side represents the viscous losses, while the 
second term represents the kinetic energy losses. The term 9c is a correction factor 
11 
for compressibility. The pressure drop across a bed of particles of nonuniform size 
. can be predicted with Eq. 11 if dp is replaced by the surface-volume mean dia~eter 
For randomly packed materials, this expression approximates the 
data within ± 25 percent, however it can not be used for nonrandomly packed beds 
or for beds of solids of abnormal voidage [ 1 ]. 
At low Reynolds numbers, the viscous losses dominate and Eq. 11 simplifies 
to, 
Rep=dp~tlo<20 
However, at high Reynolds numbers, only kinetic energy losses need be considered, 
thus Eq. 11 simplifies to, 
2 
~ P g _ l 75 1- i Pt Uo L c - • €3 </J dp Rep> 1000 
In the intermediate region both terms must be considered. 
(12) 
The Ergun equation is just one of many correlating expressions that have 
been proposed. In most of these expressions, information on the sphericity </J and the 
voidage of the particulate bed are required. This information may be available in the 
literature or it may be determined experimentally. For fine particles, the voidage can 
easily be determined from the particle density and the bulk density: 
f = 1- ~ (13) 
but for large particles, the effective voidage may be considerably less than the value 
12 
determined in this way in cases where the average diameter of., the particles is not 
much less than th~ measuring vessel di~meter. The reason~ for this is the relatively 
Ia·rge voids adjacent to the wall of the vessel. 
2.1.6. Minimum Fluidization Velocity 
If the fluid velocity through the bottom of the previously mentioned packed 
bed is gradually increased, the pressure drop will increase until a critical flow rate is 
reached where the particles begin to be lifted by the fluid and the bed expands. Each 
particle tends to float separately in the upward flow of the fluid. During this 
expansion, the particles relocate themselves to present as little resistance to the flow 
as possible. 
If the fluid velocity is increased beyond this point, particles begin to move 
about freely and come to a state corresponding to the loosest possible packing in the 
bed. This condition is referred to as the onset of fluidization or the minimum 
fiuidization condition. The superficial velocity through the bed at this state is 
referred to as the minimum fluidization velocity. 
Further increases in the superficial velocity will cause little, if any, change in 
the pressure drop across the bed, but they will cause the bed to expand, thus 
allowing additional spaces between the particles through which the fluid can pass. A 
typical variation of the pressure drop and the bed height as functions of superficial 
velocity are shown in Figure 2. 
Fluidization starts when the drag force on the particles by the upward 
moving fluid equals the weight of the particles. The drag force on the particles can 
be determined by multiplying the pressure drop across the bed with the cross 
sectional area of the bed, where the weight of the particles is obtained simply by 
13 
) 
,, 
/ 
multiplying the volume of the bed with the fraction of solids and the specific weight 
_ of the solids. Thus, 
(14) 
by rearranging 
~-
~; = (l-€mf) (p'?- Pt) fc (15) 
" 
where fj,p is the pressure drop across the bed, Abed is the bed cross-sectional area, 
Lmf is the bed height and tmf is the bed voidage at minimum fluidization. At the 
onset of fluidization, the voidage fmf is slightly larger than in a packed bed. It 
should be measured experimentally. Table 3 summarizes some experimental values of 
fmf· 
Table 3 Voidage at Minimum Fluidization Conditions, Emf [ 1 ] 
Particles 
Sharp sand, ¢ = 0.67 
Round sand, ¢ = 0.86 
Mixed round sand 
Coal and glass powder 
Anthracite coal, </, = 0.63 
Absorption carbon 
Carborundum 
Size {mm) 
0.02 0.05 0.07 0.10 0.20 0.30 0.40 
0.60 0.59 0.58 0.54 0.50 0.49 
0.56 0.52 0.48 0.44 0.42 
0.42 0.42 0.41 
o. 72 0.67 0.64 0.62 0.57 0.56 
0.62 0.61 0.60 0.56 0.53 0.51 
0. 74 o. 72 o. 71 0.69 
0.61 0.59 0.56 0.48 
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If the pressure drop expression for a packed bed (Eq. 11) is substituted into Eq. 15 a 
quadratic· equation for umf is obtained: · 
(16)" 
Based on the same discussion made before for small Reynolds numbers, kinetic 
,, 
energy losses can be neglected and Eq. 16 simplifies to: 
Rep < 20 (17) 
For high Reynolds numbers, neglecting viscous losses Eq. 16 simplifies to: 
Rep >1000 (18) 
To put these equations into more convenient form, the following modification 
suggested by Wen and Yu [ 6 ] can be used. Wen and Yu showed that the available 
experimental data correlates reasonably well with the following expressions, 
1-f f 
____ m.....,.. - 11 
At.2 f 3 -
'fJI mf 
1 3 = 14 
<I> lmf 
(19) 
{20) 
Substitution of these into Eq. 16 leads to a very convenient correlation for the whole 
range. of Reynolds numbers, 
3 . 
dp uµf Pf = [ (33.7)2 + 0.0408 dp Pf (p~-pf) g ] 112 - 33.7 (21) 
f µf 
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where for small particles, 
Rep< 20 (22) 
and for large particles, 
Rep> 1000 (23) 
For fluidization with air at normal ambient pressure and temperature, µf can be 
taken in the numerical constant along with g , and noting that Pt ~ Pp the 
expression becomes, 
(24) 
where C is an experimentally determined constant. For different powders from 
around 50 µm to around 500 µm, a value of C of 420 seems to give the most reliable 
prediction of umf [ 3 ] . Th us, 
(25) 
where umf is in m/s with Pp in kg/m3 and dp in metres. 
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2.1. 7. Minimum Bubbling Velocity 
Some systems, particularly .fluidized beds of fine powders, exhibit a type of 
behavior above the minimum fluidization velocity. These beds expand without the 
formation of bubbles. The highest superficial velocity for this ,particular state 
corresponds to the appearance of the first bubble and the highest bed height and is 
referred to as the minimum bubbling velocity. At greater superficial velocities, the 
excess fluid tends to pass through the bed as a series of voids or bubbles. 
One of the proposed correlations for the minimum bubbling velocity umb , is 
by Abrahamsen and Geldart [ 7 ] which relates umb to the gas and particle 
properties, 
d p 0.06 
umb = 2.07 exp(O. 716 F) : / 347 (26) 
where Fis the mass fraction of particles less than 45 µm. The numerical constant is 
dimensional and SI units must be used .. 
2.1.8. Characterization of Fluidized Powders 
Although properties and fluidizing characteristics of fluidized powders differ 
greatly, it is possible to categorize powders. This is done according to the fluidizing 
behavior of the powders. This valuable classification enables the extension of 
properties observed with one powder to all powders in the same group without much 
risk. 
Geldart [ 8 ] has classified solids into four general groups on the basis of 
particle size and density relative to the fluidizing medium. Figure 3 shows the 
Geldart classification diagram. The features of these groups may be summarized as 
17 
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follows: 
Group A : Generally includes materials of small particle size and/or l~w particle 
density ( Pp < 1400 kg/m3 ) •. Powders in this group show considerable bed 
expansion between the minimum fluidization velocity and the minimum bubbling 
velocity, and umb/ umf > 1 . Such powders are slightly cohesive. At velocities above 
umb' the bed bubbles freely and bed expansion is small. At higher velocities slugging 
tends to occur. The bed settles relatively slowly when the gas supply is suddenly 
shut off. 
Group B : This group contains most of the materials in the size and density ranges 
from 40 µm to 500 µm and from 1400 kg/m3 to 4000, kg/m3 . Unlike group A IV 
powders, interparticle forces are negligible. For these powders, bed expansion is small 
and bubbling starts slightly above minimum fluidization velocity, and umb/umf ~ 1 . 
Bubble size increases with both bed height and excess superficial velocity. The bed 
collapses rapidly when the gas supply is suddenly shut off. This group exhibits the 
generally accepted model of fluidized bed behavior. 
Group C : includes cohesive powders. Normal fluidization of such powders is very 
difficult. The difficulty arises from the large interparticle forces resulting from very 
small and soft particles, irregular shape, electrostatic effects or high moisture 
content. The interparticle forces are greater than those which the fluid can exert on 
,, 
',; 
the particle. Poor particle mixing, channeling or the whole bed rising as a plug in 
srriall diameter columns _are usual consequences of fluidizing group C powders. Some 
success may be achieved with the aid of mechanical vibrators or stirrers for breaking 
up the stable channels. 
18 
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Group D : includes very large or very dense particles. Fluidization behavior is similar _ 
to that of group B powders, but solid mixing is relatively poor. If the gas is 
introduced through a central orifice, powders \r this group can be made· to spout. 
Segregation by size is likely to occur when the size distribution is wide. 
-, 
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2.2,. Hydrodynamics Qf Bubbling Fluidized Beds 
2.2.1. Introduction 
q, ' 
Gas fluidized beds are usually operated at conditions where the excess gas is 
flowing upwards in the form of gas voids or bubbles, and these bubbles dominate the 
behavior of the fluidized bed. 
Bubbles, which are particle-lean regions, are dispersed in a continuous phase 
of fluidized particles. The contrriuous phase is termed as the dense, particulate or 
emulsion phase, while the rising void regions· containing virtually no bed particles is 
referred to as the bubble phase or lean phase. The rising voids are referred to as 
bubbles if their dimensions are less than that of the bed or slugs if their dimensions 
are close to that of the bed. 
The bubbles cause the motion of the emulsion phase and they are the main 
source of solids mixing in bubbling beds. Therefore, it is essential to understand the 
behavior of the bubble phase in fluidizea beds. 
2.2.2. Single Bubbles 
Considerable success has been achieved in understanding the behavior of 
bubbling fluidized beds through investigations of the behavior of single bubbles, 
where the approach has usually involved an analogy with bubbles in real liquids. 
E.xperimental approaches are also available, where in a bed that is kept at or slightly 
above the minimum fluidization condition, a pulse of gas is injected into the bed to 
form a single isolated bubble. 
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2.2.2.1. Shapes of Single Bubbles 
The shapes of bubbles in true liquids are somewhat close to spherical when 
they are small, they become flatten·ed and distorted when they become larger, and 
they assume a spherical cap shape when they are large. However, the bubbles in ,a 
gas-solid fluidized bed are approximately spherical over the entire front surface and 
are indented at the rear portion. A comparison of shapes of rising gas bubbles in 
water and in fluidized beds is shown in Figure 4. 
Bubbles, spherical in the front and indented at the rear portion are typical of 
~ 
particles of groups A and B. A bubble in a true liquid of density PL and surface 
tension u adopts the same general form if it is large enough for surface tension 
effects to be negligible [ 10 ] i.e., if 
PL de 2 g / u > 40 (27) 
. where, de = ( 6 Vb/ 1r ) 113 is the equivalent bubble diameter. An analogy between 
bubbles in a true liquid which satisfy inequality 27 and bubbles in a fluidized bed is 
reasonable since there are no surface tension effects in fluidized beds and inequality 
27 is always satisfied. The wake angle 8w, the angle between the nose and the rim, 
may conveniently be used to describe the shape of the bubble. Grace [ 11 ] showed 
that Ow is a function of the bubble Reynolds number, 
(28) 
0 
where ub is the bubble velocity and µL is the liquid viscosity. For bubbles in liquids, 
the dependence of 8w on Reb is strong when 8w > 55°.This parameter is represented 
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empirically by [ 10 ] , 
Ow = 50 + 190 exp( -0.62 Reb 0 ·4 ) 1.2 ~ Reb ~ 100 (29) 
where Ow is measured in degrees. 
Other parameters of interest are the frontal diameter of the bubble db and 
the volume of the circumscribing sphere not occupied by the bubble Vw. This part of 
the bubble sphere is called as the wake. Vw is termed the wake volume, and the ratio 
of wake/ sphere volume is termed the wake fraction fw• Figure· 5 shows a 
characteristic bubble and the related parameters defined above. 
The reason a wake forms behind a bubble can be imagined to be as follows : 
the particles that form the bubble boundary are flowing down around the bubble 
and meet near the rear stagnation point. This impact tosses particles upwards since 
they can not move downwards because that region is already fully occupied with 
particles. This volume of particles is maintained at the rear, forming the wake 
region. These particles in the wake are shed and replenished continuously during the 
rise of the bubble. Figure 6 is a sketch showing the way in which a wake might form 
by this mechanism [ 12 ]. Figure 7 shows values of deq/ rand the wake fraction fw as 
functions of Reb calculated assuming that the wake angle Ow is given by Eq. 29 and 
the base of the bubble is flat [ 14 ]. The essential feature of Figure 7 is that 
increasing Reb causes the bubble to become flatter ( lower Ow ) and the wake 
fraction fw increases. 
Besides bubble velocity, the type of powder also plays a role in the bubble 
shape. The type of the powder becomes important through its effect on the effective 
'I 
viscosity. The effective viscosity is predicted to increase with particle diameter for 
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group A powders, to increase weakly with dp in group B powders and to be high but 
insensitive to dp in group n- powders [ 13 ] . _ 
The results presented by Rowe [ 12 ] show that on increas.ing dp from group 
A to group B, -bubbles become more rounded and the wake fraction decreases. More 
recently Rowe and Yocono [ 15 ], working with freely bubbling beds of groups A and 
B, reported that particle size had no detectable effect on the average bubble shape. 
Cranfield and Geldart [ 16 ] reported that bubbles in group D beds lack a deeply 
indented base ( Ow approaches to 180°) which says that group D powders exhibit 
very high effective viscosity so that Reb is low. It is important to note that the 
decrease in wake fraction from group A through group B to group D means that the 
volume of the emulsion phase transported per unit bubble volume decreases. 
2.2.2.2. Bubble Wake Fraction 
Kozanoglu [ 52 ] recorded steadily rising bubbles in a three-dimensional bed 
by using a high speed video system. Kozanoglu analyzed a total of 99 bubbles in 
beds of five different particle sizes and correlated the wake fraction as a function of 
particle diameter and bubble size as follows, 
_ ( ) ( 389.9 ) fw - 0.78 + 0.0076 dp + d 1 _103 db 
p 
where particle diameter dp is in µm and bubble diameter db is in mm. 
2.2.2.3. Rise Velocity of a Single Bubble 
The rise velocity of bubbles in true liquids was studied by Davies and Taylor 
[ 17 ] and was related to the radius of curvature by: 
23 
(30) 
l 
Eq. 30 gives a good description of the rise of the bubbles in liquids if Reb > 40. [ 10 ]. 
Bubbles in fluidized beds typically have Reynolds numbers of order 10 or less [ 14-J 
below the range for which Eq. 30 is strictly valid in liquids. Even so, Eq. 30 has been 
widely used for fluidized beds. In terms of the volume equivalent diameter, Eq. 30 
can be written: 
ub = { 23_ f;E= } ~ g deq \Jdeq (31) 
where the braced term is a weak function of Reb and for Reb > 100 this term is 
constant at 0. 71 in three-dimensional beds . Eq. 31 can now be written as: 
(32) 
Eq. 32 has been widely used to predict the- rise velocity of bubbles in three 
dimensional fluidized beds. However, observed rise velocities are generally smaller 
, 
than predicted by Eq. 32 and in three-dimensional beds of group A and B powders 
values from 0.5 to 0.66 are typical for ub / ~ g deq [ 18 ]. For group D powders, Eq. 
32 predicts the bubble rise velocity well, since db and deq are virtually the same for 
this case [ 16 ]. 
Bubbles that are subject to wall ~ffects tend to slow down. However, this 
effect can be neglected for deq/ Dbed < 0.125 . For 0.125 < deq/Dbed < 0.6 the 
retardation may be taken into account by rewriting Eq. 32 in the form [ 19 ] 
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(33) 
where uboo is the rise velocity in the absence of wall effects. For deq/ Dbed > 0.6 the 
bubble velocity is determined by the dimensions of the bed rather than that of the 
bubble; it is then considered to be a slug [ 20 ]. Figure 8 shows typical shapes of 
slugs. The rise velocity of a slug is given [ 10 ] by: 
(34) 
Slugs sometimes adhere to the wall of the bed as shown in Figure 8 ; in this case the 
rise velocity is approximately ..J2 times the value obtained from Eq. 34 [ 14 ]. 
2.2.3. Freely Bubbling Beds 
When a bed of particles is fluidized at a superficial velocity above the 
minimum bubbling velocity, bubbles form continuously on the distributor and rise 
through the bed. This is referred to as a freely bubbling bed. Unlike the single, 
isolated bubble mentioned before, bubbles interact and coalesce as they rise due to 
the presence of the others. 
2.2.3.1.~ Bubble Size 
Bubbles, which are formed on the distributor, grow as they rise because of 
coalescence and the decrease in static head. Bubbles generally coalesce by overtaking 
a bubble in front. Growth by coalescence continues until the bubbles approach their 
maximum stable size, where they start splitting. Thereafter, splitting and 
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coalescence cause the average bubble size to come to an equilibrium close to the 
., maximum stable bubble size. In group A particles for which the maximum stable 
f;~/ (( 
diameter is relatively small and is therefore attained close to the distributor, the 
average bubble size is typically constant over much of the bed. For group B 
particles, the maximum stable diameter is larger and is typically only attained in the 
upper levels of deep beds [ 14 ]. Group D particles show a behavior which is 
l 
different, bubbles rise as horizontally associated swarms and grow by absorption of 
neighboring bubbles rather than conventional coalescence [ 16 ]. 
Many studies have been conducted in freely bubbling beds to find out how 
bubbles coalesce and grow. The table given below summarizes some empirical or 
semi-empirical correlations proposed for estimating the mean bubble size. 
. 
-0.3 (x/ Dbed) 
Mori and Wen [ 21] De = De,oo -( De, 00 -De,o) e 
Rowe [ 22] Df = (u-umf)1/ 2 (x+xo) 3 / 4 9-i/4 
Darton et al. [ 23 ] De = 0.54 ( u- umf ) 0 ·4 ( x + 4 ,l40 ) 0 ·8 g-0 -2 
Werther [ 24] De= 8.53x103 [ 1 + 27.2 (u-umf)] 113 x[ 1 + 6.84(x+:i:o+xj)]l.21 
Those of Mori and Wen and Werther are dimensional, the forms given here are in SI 
units. Mori and Wen include an estimate for the mean bubble size formed at the 
distributor: 
for perforated plates 
and (36) 
De,o = 0.376 ( u- umf ) 2 for porous plates 
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where A 0 is the area of the distributor i:riate associated with each orifice. It also 
' 
includes an estimate for the maximum attai.nable bubble diameter~ 
(37) 
The correlation proposed by Rowe [ 22 ] gives the mean frontal diameter D1 . It was 
derived from the data for _porous distributors and it contains a parameter x0 
characterizing the distributor; where Xo is the height above a porous plate at which 
bubbles would reach~e size formed at the distributor. Rowe gives some typical 
values for x0 , but includes no general results from which it can be estimated. For a 
perforated or multi-orifice distributor, the correlation of Geldart [ 25 ] can be applied 
[ 26 ] to give 
(38) 
• 
Werther's correlation assumes that bubbles form at a distance xj above the 
distributor, corresponding to the jet length. The quantity ~ my be estimated from 
the correlation of Zenz [ 27 ] or Mary [ 28 ] . Predictions by these correlations 
frequently agree. 
2.2.3.2. Bubble Flow Rate 
' In a bubbling fluidized bed, gas crosses a horizontal section by the following 
mechanisms [ 29 ] : 
i) Rise of bubbles, often referred to as visible bubble flow 
ii) Flow through the bubbles relative to them 
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0 
iii) Interstitial flow relative to particles in the emulsion phase 
.I 
iv) Flux of interstitial voids moving with particles 
Components ( i) and ( ii) constitute the so called bubble phase flow and ( iii) and (iv) 
constitute the dense phase flow. 
Visible bubble flow rate across a cross-section can be found by determining 
the volumes of the bubbles crossing the section in a period of time and dividing the 
I 
sum of the volumes of bubbles by the time of observation. An estimate for the visible 
b1:1bble flow rate Qb was proposed by Toomey and Johnstone [ ~O ]. Known as the 
two-phase theory of fluidization, this is based on the assumption that the flow in 
excess of that required for minimum fluidization is accomodated by the visible 
bubble flow component. Thus, 
(39) 
where Abed is the cross-sectional area of the bed. 
In practice, Eq. 39 tends to overestimate the visible bubble flow. The deficit 
in the real flow is typically 10 percent for beds of group A particles, 20 to 30 percent 
for beds for group B powders and 40 to 50 percent for group D powders [ 14 ]. The 
deficit may occur because of the gas through flow in buibbles and increased 
interstitial flow. Several workers have proposed analyses accounting for these factors, 
but the results are complex and their general applicability remains to be tested [ 31 
]. Thus, Eq. 39 continues to give the best estimate for the visible bubble flow rate. 
But using Eq. 39 and reducing the value for Qb by an empirical factor characteristic 
of the _particle being used may be more realistic. Several workers have modified Eq. 
39 in the form, 
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(40) 
where Y is a constant. For example, Werther observed that Y = 0.67 for particles 
witli umf = 18 and 13.5 mm/sin a three-dimensional bed [ 24] and Y ~ 0.8 for·a 
group A bed. Farrokhalaee found that Y = 0.71 for his two-dimensional experiments 
[ 32 ]. 
2.2.3.3. Bubble Velocity 
The rise velocity of a single bubble in a three-dimensional fluidized bed at 
minimum fluidization is, 
If the gas velocity is suddqnly raised from umf to Uo, a group of bubbles will form on 
the distributor and begin to rise through the bed in a surrounding which moves 
upward with velocity Uo- umf· If the relative velocity between bubble and emulsion 
is unaffected by the interaction between the neighboring bubbles, the resultant 
average velocity of bubbles in this convective field will be: 
(41) 
This approximation was first used by Davidson and Harrison [ 33 ]. 
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2.2.3.4. Pattern of Bubble Flow 
Besides the size and velocity, the average spatial distribution of bubbles and 
the distribution of bubble sizes are also of interest. The distribution of bubbles in the 
bed is mainly controlled by the uniformity of gas distribution and the distribution of 
openings in the grid. Coalescence also affects the distribution of bubbles in the bed. 
,:') 
Bubbles generally coalesce by overtaking a bubble in front and may move sideways 
in the path of a bubble before coalescing [ 14 ]. Thus; coalescence may cause lateral 
motion of bubbles. Bubbles which are close to the wall tend to move only inwards 
(towards the axis), since the bubbles with which they may coalesce are only on the 
side away from the wall, whereas bubbles near the axis may move laterally in any 
horizontal direction. As a result of this preferential movement of bubbles away from 
the wall, a spatial nonuniformity in the bubble flo,v develops quickly, with a local 
maximum occuring in an annular ring near the wall. This maximum amplifies due to 
successive coalescence and it moves inwards with increasing height, eventually 
reaching the center of the bed [ 20 ]. Typical results obtained by Werther [ 34 ] in a 
bed of 0.2 m diameter with a porous plate distributor are shown in Figure 9. 
2.2.4. Gas Distribution 
Fluidizing gas is introduced at the bottom of the bed through a distributor. 
Figure 10 illustrates several different distributor designs usually used in fluidized 
.... 
beds [ 1 ]. The flow of gas through the distributor is dependent on both the local 
pressure differential between the plenum and the base of the bed and the resistance 
· of the distributor. Pressure changes occuring in the bed, if comparable in magnitude 
to differential pressure, are likely to change the gas flow pattern. Experience shows 
that distributors should have sufficient pressure drop to achieve equal flow through 
30 
the openings. Agarwal et al. [ 35 ] recommend that pressure drop across the 
distributor plate be roughly 10 percent of t.he pressure drop .across the .. bed, with a 
.• 
minimum of about 35 cm H20 , constrained by economic and operational factors. ~n 
addition,, the distributor must be able to support forces due to pressure drop 
associated with gas flow during operation and the weight of the bed of solids during 
shutdown. Finally the distributor design must prevent the bed particles from falling 
through the orifices in the distributor into the plenum. 
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2.3. _ Fluidization. Qf Dissimilar Materials \ 
2.3.1. Introduction 
In most fluidized beds, the bed consists of a wide size range and two or more 
species of differing density. Depending on the type of bed operation, either good 
mixing or segregation of particulate species is desired. For example, a fluidized bed 
industrial boiler is a good example of a system where good mixing is desired in order 
to avoid hot spots and stagnant regions that result in clinkering, caking or both. A 
fluidized bed classifier is a good example where strong segregation is desired. 
" 
To gain insight into the behavior of' such beds the fluidization of binary 
systems has been studied by numerous investigators and this has resulted in 
considerable information. Binary systems are relatively easier to study and results 
can be extrapolated to more complex systems with some confidence. 
2.3.2. Flotsam-Jetsam 
In the fluidization of binary systems, particles may be segregated in the sense 
that local composition is different from the overall average. Particles of different size 
and density place themselves in such a way that results a vertical variation in 
composition. One component, the flotsam, tends to rise and float and the other, the 
jetsam, tends to sink and settle to the bottom [ 36 ] . For binary systems, if there is 
no density difference, the bigger particles are jetsam; if there is a density difference, 
the denser ones are the jetsam [ 37 ]. These rules are simple and can be applied to 
multicomponent systems. 
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2.3.3. Minimum Fluidization of Binary Systems 
Several correlations have been proposed to predict the umf of a binary 
r" 
system. The most widely accepted and used is that of Cheung et al.[ 38] : 
(42) 
where um is the umf of the system, u,, is the umf of the flotsam, uj is the umf of the 
jetsam and xj is the weight fraction of the jetsam in the system. Eq. '42 was 
originally developed for binary mixtures of equal density-, but Naimer [ 39 ] has 
shown that it can be extended to mixtures with up to five components. In this case, 
. ' 
um is determined sequentially, beginning with the two smallest particles and 
obtaining a um for the binary system of these two and proceeding further by using 
this um as a new value of u, and so on. Eq. 42 can also be used for systems having 
different density components, provided that they are not strongly segregating [ 40 ]. 
2.3.4. Mechanisms of Mixing and Segregation 
In a fluidized bed, mixing and segregation occur simultaneously which 
produces an equilibrium distribution which is usually uniform in the horizontal plane 
but varies with height. Both mixing and segregation are caused solely by the bubbles 
[ 41 ]. Three of the mechanisms which are responsible for the solids motion in the 
bed and frequently cited in the literature are as follows: 
Circulation 
In a bubbling fluidized bed, each bubble carries solids in its wake. Solids are 
picked up at the bottom and lifted towards the bed surface. At the top, the wake. 
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contents are deposited and they join the emulsion phase. Particles which are carried. 
upwards by th·e bubbles descend in the bubble-free regions. This up and down 
) 
,. 
motion of the particles in the bed is referred to · as circulation. The circulation of 
solids is proportional to the bubble flow and so is approximately constant across all 
horizontal planes through the bed [ 42 ]. 
Exchange 
While the bubble carries particles in its wake, part of the wake content is 
shed en route. This causes an exchange between the emulsion and wake phases. 
Solids are continuously fed into and shed from the wake. The rate of solids exchange 
between the emulsion and wake phases is referred to as the wake exchange rate. 
Segregation 
The bubbles also cause segregation. The jetsam particles tend to fall faster 
thTough the temporarily disturbed region behind each wake ( 40 ]. This tendency to 
segregate depends strongly on the density difference between the jetsam and the 
flotsam particles ( 36 ]. 
Circulation and wake exchange take place whether or not there are physical 
differences between the components. Segregation, on the other hand, exists only 
when there is nonhomogeneity, and it is mainly due to density and/or size 
differences. All three mechanisms vary with the bubble flow rate and do not take 
place below minimum bubbling velocity. The amount of segregation occuring at any 
point is proportional to the concentration of jetsam at that point, and the higher the 
concentration the greater is the segregation [ 42 ]. 
Nienow et al. [ 40 ] mentions another mechanism, which he describes as 
34 
overlayering. Thi~ is present in a bed of mainly jetsam with a little flotsam tending 
to float on the surface. Bubbles ar.rive at the surface and deposit the jetsam in their 
wake as a splash on top of the bed. This covers and buries the flotsam on the 
surface, which is slowly pressed downwards until passing bubbles give it a chance to 
be lifted to the surface again (Figure 11). 
Several mathematical models have been developed for the calculation of 
___ j'>i/ - -,~ \~ 
segregation and mixing patterns of different species. Generally, the bed is assumed to 
consist of two phases, namely a wake phase and an emulsion phase and several 
mechanisms, some of which are described above, are built into the models to account 
for the competitive effects of segregation and mixing. 
2.3.5. Estimation of Param·eters 
2.3.5.1. Circulation Rate, rfi 
The circulation rate definition is based on the emulsion phase and it can be 
determined by balancing the upward and downward fluxes of solids in the bed [ 40 ], 
• 1.e., 
Thus, 
aaw 
w = ub /w 1 . 
-asw 
(42) 
where fw is the wake fraction and a8 w is the volumetric fraction of bubbles and 
wakes in the bed. Based on the two-phase theory 
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·-\, (43) 
where a8 is the volumetric fraction of bubbles in the bed and ~ is the bubble 
velocity. 
2.3.5.2. Wake Exchange Coefficient, Kw 
The exchange coefficient between the wake and the emulsion phase can he 
determined experimentally based on the following assumptions [ 43 ]: 
i) Bubble characteristics such as size, shape and rising velocity are constant 
throughout the bed. 
ii) The wake exchanges a portion of its particles continuously by shedding into 
and drawing from the emulsion phase. 
iii) The particles are uniformly mixed in the wake. 
iv) There are no tracer particles in the emulsion phase upstream of the rising 
bubble. 
The material balance on the tracer particles in the wake for a differential element of 
the bed gives, 
or as integrated, 
ln Cp = - K (h-ho) 
Cpo w ub (44) 
where Kw is the exchange coefficient, Ut, is the bubble velocity, h is the height above 
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distributor, cp is the tracer particle concentration in the bubble wake at elevation h, 
h0 is the height from which Cp begins to decrease and cpo is the tracer particle 
concentration in the bubble wake at h = ho-
Chiba et al. [ 43 ] have proposed a simple model for the exchange based on 
the assumption that the exchange rate is proportional to both wake volume fraction 
and solids flux into the front surface of the gas cloud. The exchange coefficient is 
given by: 
v _ 4 umf 
nw - 7r d 
fmf b 
for a 2 dimensional bubble (45) 
for a 3 dimensional bubble (46) 
The model predictions were found to agree well with experimental values for a range 
of bubble diameters from 6 to 17 cm (2D bubbles) and from 2 to 9 cm (3D bubbles) 
in beds of particles with minimum fluidization velocity of 2.15 cm/s and 2.8 cm/s, 
respectively. 
Recently, Kocatulum [ 50 ] calculated the flow rate, through the wake of an 
isolated bubble as it rises through a three-dimensional bed using a numerical 
technique. The model predictions by Chiba et al. and Kocatulum will be discussed 
and compared in detail in Section 6.2. 
2.3.5.3. Segregation Rate Constant, k 
Tanimoto et al. [ 44 ] reported that the average segregation distance 1J, by 
which_ the jetsam segregates downwards relative to the flotsam with each bubble 
passage, is proportional to the bubble diameter and can be correlated as: 
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where Pj and Pt1 ~re the jetsam and flotsam particle densities, dj and dn are the 
jetsam and flotsam particle diameters respectively and db is the bubble diameter. 
For a freely bubbling bed, expressing mean jetsam descending velocity as 
~-fb, where fb is the bubble frequency, the segregation rate constant k based on the 
cross-sectional area of the emulsion phase is given by [ 40 ]: 
3 y. aaw k---1u 
. - 2 db b 1-aaw (48) 
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3. WAKE EXCHANGE 
3.1. Introduction 
A bubble rising through a fluidized bed causes displacement of solid particles 
and results in solids mixing. Rowe and Patridge [ 48 ] argued that an isolated bubble 
rises through a fluidized bed as if it were a solid sphere rising through a nearly 
inviscid liquid, and layers of particles through which the bubble moves are drawn up 
into a spout behind it. Also, each bubble carries with it a wake of circulating 
particles, and it sheds some portions of this wake en route. 
Chiba et al. [ 43 ] performed experiments to determine the solid exchange 
between the bubble wake and the emulsion phase. They proposed a simple relation 
for the exchange coefficient, defined as the ratio of the volumetric flow rate through 
the wake to the wake volume, by assuming that the exchange rate is proportional to 
the wake volume fraction and solid flux into the gas cloud. Exchange coefficients 
between the bubble wake and the emulsion phase were determined from 
measurements of bubble size, bubble velocity and tracer particle distribution 
produced after a single bupble passage in a two-dimensional gas-fluidized bed. The 
results were compared with those predicted by the proposed theoretical expression 
for wake exchange. 
Chiba et al. [ 46 ] studied wake exchange in a three-dimensional gas-fluidized 
bed and compared the experimentally obtained exchange coefficients with those 
predicted by the proposed relation. Chiba et al. also investigated the effect of bubble 
size on the exchange coefficient and found that the coefficient decreased with 
increasing bubble diameter. 
Burgess et al. [ 49 ] proposed a model in which the bubble wake has an 
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unmixed fraction and a mixed fraction which exchanges solids with the emulsion 
phase . 
. Recently, Kocatulum [ 50 ] calculated the volu,metric flow rate through the 
wake of an isolated bubble usin·g an inviscid approach. Kocatulum's calculations 
show that the particle velocities in the bubble wake become progressively smaller 
with distance from the wake boundary towards the intersection of the bubble surface 
and the centerline, where they reach an almost stagnant state. 
3.2. Prediction Qf Exchange Coefficient 
Chiba et al. [ 43 ] performed wake exchange experiments with two kinds of 
particles in a two-dimensional bed. One was spherical glass beads and the other was 
crushed silica gel particles which were dyed black to be tracer particles. Shown in 
Table 4, both particles were reported to have the same minimum fluidization 
velocity despite their different sizes, shapes and densities. 
Table 4 Properties of the Particles Used by Chiba et al. [ 43 ] 
Particles 
Crushed silica gel 
Glass beads 
dp [µm] Pp [g/cc] Pmf [g/cc] umf [cm/s] fmf[-] 
210 
161 
2.85 
2.52 
0.80 
1.45 
2.15 
2.15 
0.53 
0.43 
Shape 
irregular 
spherical 
From their data, Chiba et al. calculated the exchange coefficient Kw from the slopes 
of straight line fits to the ln ccp versus ( h - ho)/ ub plots. po -
In the same work, a simple model for the exchange process was developed on 
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the basis of an assumption that the exchange rate is proportional to both wake 
' " 
volume fraction and solids flux into the front surface of the gas cloud. The 
volumetric· flow rate into and out of the wake was written as 
, ( 49) 
and hence the exchange coefficient was expressed as 
K - !E_ - Fp 
w - Vw - /w ( 7r db 2 / 4 ) 
Substituting for Fp 
T/ - 1 Umf 
1-iw - 7r d 
fmf b 
(50) 
Experimental values of the exchange coefficient were obtained using the bed material 
in Table' 4 and these were compared with those predicted by the model ( Eq. 50 ) for 
a range of bubble diameters of 6 to 17 cm. 
The model was extended to the three-dimensional bed and the exchange 
coefficient was derived in a similar fashion as 
{51) 
Chiba et al. [ 46 ] examined the tracer particle distribution produced after a single 
bubble passage through a 19 cm I.D. gas-fluidized bed and.concluded that for bubble 
diameters of 2 to 9 cm., the model proposed for a three-dimensional bubble in their 
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previous paper ( [ 43 ] ) predicts exchange coefficient quite reasonably. Properties of 
particles used in their work are shown in Table 5. 
Table 5 
Particles 
Silica gel 
Glass beads 
Properties of the Particles Used by Chiba et al. [ 46 ] 
dp [µm] Pp [g/cc] Pmf [g/cc] umf [cm/s] fmf[-] 
214 
163 
1.39 
2.52 
0.80 
1.47 
2.8 
2.6 
0.53 
0.41 
Shape 
irregular 
spherical 
Recently, Kocatulum [ 50 ], using a numerical technique, calculated the 
nondimensional particle· flow rate Q, through the wake of an isolated bubble as it 
rises through a three-dimensional bed. Kocatulum used the Davidson inviscid model 
for a spherical bubble and modified it to take into account the non-spherical shape 
resulting from the wake and the presence of the free surface. The motion of the solid 
particles around the rising bubble was taken as that of an inviscid incompressible 
fluid with a constant bulk density which is equal to the bulk density of the bed at 
minimum fluidization conditions. a 
Kocatulum expressed the volumetric flow rate Fp through the wake, in terms 
of a nondimensional flow rate Q where 
For a three-dimensional bubble (52) 
and 
For a two-dimensional bubble [ 51 ] (53) 
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where 1:"b is the bubble radius and w is the width of the bed. 
Kocatulum reported the nondimensional flow rates throug~ the wake as a 
. 
, 
function of wake volume fraction as given in Table 6. 
Table 6 Particle Flow Rates as a Function of Wake Volume Fraction 
fw ( % ) 
0.13 
0.25 
0.34 
0.08 
0.17 
0.27 
For a two-dimensional bubble 
QI ( 1-fmt ) 
0.234 
0.381 
0.635 
0.280 
0.510 
1.024 
Two-dimensional bubble 
[ 51 ] 
Three-dimensional bubble 
(54) 
The data given by Kocatulum in Table 6 can be correlated as 
Two-dimensional bubble (55) 
Three-dimensional bubble (56) 
Substituting Eq. 55 into Eq. 54 yields 
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(57) 
Writing the wake volume Vw for a two-dimensional bubble as 
(58) 
and substituting Eq. 57 and Eq. 58 into the definition of the wake exchange 
coefficient, which is 
we obtain, 
. 
ub I<w = 1.1188 d 
b 
and similarly for a three-dimensional bubble 
ub I<w = 1.7015 d 
b 
3.3. Experimental Determination Qf Exchange Coefficient 
(59) 
(60) 
(61) 
In an incipiently fluidized bed, which consists of initially unmixed tracer and 
host ~ed particles across a horizontal interface, a tracer profile is produced in the 
host region after a single bubble passage. In a homogeneous bed where there exists 
no difference between tracer and host particle density, size or minimum fluidization 
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velocity, circulation and wake exchange are. the mechanisms contributing to the 
mentioned tracer profile. · 
Taking the wake of an isolated bubble rising in a fluidized bed as the control 
' 
volume, a differential equation can be written for the tracer particle concentration in 
the bubble wake as (see Figure 12), 
0 = Rate of change of amount + Rate of tracer outflow 
of tracer in the wake 
Rate of tracer inflow 
The material balance equation on the tracer particles in the wake can be simplified 
with the following assumptions: 
. . 
i) There are no tracer particles in the emulsion upstream of the rising bubble 
ii) The wake exchanges a portion of its particles continuously by shedding ~into 
and drawing from the emulsion at a constant rate 
iii) Tracer particles disperse uniformly in the wake resulting in a well-mixed wake 
iv) Bubble characteristics such as bubble size and shape, wake fraction and bubble 
velocity do not change throughout the bed 
v) Voidage in the emulsion phase and the bubble wake do not change throughout 
the bed and are equal to the voidage at minimum fluidization conditions 
Since there are no tracer particles in the emulsion phase upstream of the rising 
bubble 
Rate of tracer inflow = 0 
So, we can write 
. d 
0 = dt [ Cp Vw ] + Cp Fp (62) 
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where cp is· the tracer particle concentration in the bubble wake, Vw is the wake 
volume and F p is the volumetric flow rate into and out of the wake. 
Based on the· constant wake volume assumption, Eq. 61 can be further 
simplified as, 
0= Vw 
• 
rearranging, 
dcp 
~-Cp 
dcp 
dt + Fp Cp 
Fp dt 
Vw 
Bubble velocity can be written as, 
u - @] 
b - dt 
where h is the distance from the gas distributor. Combining Eq. 63 and Eq. 64 
.. 
dcp _ 
C -p 
(63) 
(64) 
· (65) 
Defining the volumetric flow rate through the wake per wake volume as the 
exchange coefficient based on the wake volume, I<w 
.. 
(66) 
Combining Eq. 65 and Eq. 6(> and integrating, · 
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ln Cp = - Kw ( h - ho) 
Cpo ub 
(67) 
where Cpo is the tracer concentration in the bubble wake at elevation ho-
As a bubble passes through a bed layer of height ~h , tracer of mass 
flows from the wake to the emulsion phase. This displaces emulsion phase material of 
comparable volume. Since, 
this is 
u - <1h b - dt 
·F Llh p Pb Cp u b 
After the bubble passes, the concentration of the tracer particles in the emulsion 
phase is 
1 F p Pb Cp Llh / ub 
Cp = A Ah bed u Pb 
or 
I Fp 
Cp = A Cp 
ub bed 
(68) 
where Abed is the bed cross-sectional area, Cp I and Cp are the tracer particle 
concentrations in the emulsion and wake phases, respectively. So, we can simply 
express the ratio of tracer concentration in the wake at two different elevations in 
terms of tracer concentration in the emulsion phase as, 
I Cp _ Cp 
Co - I p. Cpo 
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• 
where cp0 1 is the tracer concentration in the emulsion 'phase at elevation ho. 
Substituting Eq. 69 into Eq. 67, 
, 
ln Cp 1 = - [f w ( h- ho) Cpo b {70) 
The applicability of the above equation in determination of exchange coefficients 
from the experimental data was examined by plotting the logarith1ps of tracer 
concentration cp 1 at different layers of the bed against elevation of that layer above 
the distributor h. 
Two examples of the results are shown in Figure 13. As can be expected from 
Eq. 70, data for each bubble diameter can be fit with a straight line in the form 
Writing Eq. 71 at elevation h0 
and subtracting Eq. 72 from Eq. 71 
I 
ln cp·, = C1 ( h- ho) 
Cpo 
(71) 
(72) 
(73) 
Comparing Eq. 73 with Eq. 70, the exchange coefficient Kw can simply be obtained 
from 
{74) 
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where C1 is the slope of the stra.I~t line fit--to the ln cp
1 vers~s h ~lot. 
3.4. Experimental System and Procedure 
Figure 14 shoWs a. schema.tic dia.gl'a.m of t'k experimental system. The 
experiment~ were made in a clear plexiglass-walled two-dimensional bed, 1.3 cm
 
thick, 40.3 ·· cm wide and 50.8 cm high. A 1.3 cm thick porous distributor (3M 
Company Grade 15 sintered glass plate) was used to ensure uniform air distribution 
and fluidization. Typical pressure drop across the distributor was about 70 to 90
 
percent of the total pressure drop through the bed. 
Individual bubbles were injected at the bottom of the bed via a 0.6 cm 
diameter tube through a. solenoid valve. The injector tube was mounted vertically 
7.6 cm above the distributor. A wire cloth was employed at the end of the tube to
 
avoid clogging by the particles. 
Flow measurements of the fluidizing air were made by Ametek Schutte and 
Koerting rotameters. The following rotameter tube and float combinations wer
e 
available : 4HCFB tube with 44-J float, 3HCFB tube with 34-J float and 2R tube
. 
with R-22 float. 
Bubble volume was controlled by adjusting /tli1~,~ actuating period of the 
solenoid valve with an electric relay circuit. 
The bubbles were recorded by a Video Logic Instar video system. The system 
records 120 frames per second and has an instant replay feature. The system offer
s 
play back in real time, stop action, and variable speed slow motion between 3% to
 
15% of real time. It is further possible to play tapes in reverse slow motion or to 
stop on any one frame for critical evaluation. The system features Scene and Fram
e 
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Identification {SAFI) and Frame_ Sequencing {FS). Scene and -Frame Identification 
(SAFI) inserts two sets of numbers into the video signal being rec(?rded. One set, '' 
s'cene number " remains constant throughout the recording interval and identifies 
that particular recorded sequence. The second set, " frame number " follows the 
scene number and starts at zero at the beginning of each recording. It increases by 
one count for each frame during the recording interval ( i.e. 120 counts per second). 
Two different particle combinations were used, one being plain spherical glass 
beads with colored spherical glass beads and the other iron powder with manganese 
powder. The plain and colored glass particles have the same minimum fluidization 
velocity, size, shape and density but differ only in color. The iron and manganese 
particles used have the same minimum fluidization velocity and almost the same 
density. Table 7 summarizes the properties of the particles used: 
Table 7 Properties of the Particles Used in Wake Exchange Experiments 
Particle 
colored glass 
plain glass 
• iron 
manganese 
• fron 
manganese 
dp 
[mesh] 
-20,+30 
-20,+30 
-100,+200 
-100,+200 
-325 
-200,+325 
dp 
[µm] 
+600,-850 
-600,+850 
-75,+150 
-75,+150 
-45 
-45,+75 
Pp Pb umf Shape 
[g/cm 3 ] [g/cm 3 ] [cm/s] 
2.5 
2.5 
7.8 
7.2 
7.8 
7.1 
1.5 
1.5 
2.2 
3.5 
2.3 
3.4 
18 spherical 
18 spherical 
3. 0 irregular 
2.9 irregular 
0.4 irregular 
\ 
0.4 irregular 
All particles are B group particles according to Geldart's classification. A preliminary 
test showed that they mixed uniformly during fluidization. 
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Colored glass particles, as tracers, were packed up to a height of about 20 cm 
from the gas distributor, · and the upper surface was smooth·ened . and made 
' 
' 
horizontal. The plain glass particles were then filled in the upper part to a total bed 
p 
height of about 48 cm. When working with metal particles, manganese particles were 
placed at the bottom as tracers and iron particles were filled in the upper part of the . 
bed. 
The fluidizing air was turned on and adjusted to a predetermined value and 
the bed was carefully fluidized slightly below the minimum bubbling condition. Then 
a single bubble was introduced into the bed through the bubble injector by opening 
the solenoid valve for a short period of time ( "'0.02 to 0.16 sec.). The motion of the 
steadily rising single bubble with a wake composed of tracer and host particles was 
captured by the high speed video system. After a single bubble passed, the air supply 
was quickly shut off, and the bed was defluidized and frozen. Thin layers of bed 
material were removed by a jet ejector for subsequent analysis to determine the 
vertical distribution of the tracers. Only the region above the· bubble injector, 
including all the tracers displaced by the bubble, was analyzed. This region was 
isolated by inserting two thin metal strips to the left and to the right of the region. 
In the case of glass particles, samf ]_es were obtained from each layer using a riffler. 
Tracer and host particles were separated manually and tracers were counted to 
obtain tracer concentration. In the case of metal particles, material from each layer 
was separated into its constituents, with manganese as the tracer and iron as the 
host, by passing the mixture through a magnetic separator. Iron being magnetic and 
manganese being nonmagnetic, enables an easy separation. The iron and manganese 
particles obtained from each layer were weighed and the tracer concentrations were 
calculated. Several tests were conducted by injecting different size bubbles. 
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The data, consisting of tracer particle concentrations in the bed at various 
elevations, were analyzed based on the discussion in Section 6.3 to give the wake 
exchange coefficients. 
3.5. Results 
Figures 15 to 17 sho~ the wake exchange coefficients obtained as functions of 
equivalent bubble diameter, for systems of umf = 0.42 cm/s, umf = 3 emfs and 
umf = 18 cm/s, where equivalent bubble diameter, deq is defined as the diameter of 
a circle having the same area as the two-dimensional bubble. The exchange 
coefficie,nt decreases with increasing bubble diameter. Large diameter bubbles carry a 
larger portion of the particles they pick up from the bottom to the top without 
shedding much of them en route. This phenomenon, for large diameter bubbles 
might be due to the existence of a larger undisturbed region at the core of the 
bubble wake which does not exchange its contents with the surroundings. To explore 
this, bubbles were observed at the instant when they passed from the tracer region 
into the host region. Tracer particle displacements on the bubble periphery enabled 
the measurement of tangential particle velocities on the bubble periphery. Figure 18 
shows nondimensionalized tangential particle velocities on the bubble periphery as a 
function of angle (}, measured from the symmetry axis of the bubble. The particle 
velocity on the bubble periphery is of the same order of magnitude as the bubble 
velocity ub, between 20° to 90°. However, particle velocity increases drastically to 
approximately 2.5ub between 100° to 120°. This angular position corresponds to the 
edge of the wake where most of, the particle flux takes place. Beyond 120°, the 
' 
particle velocity decreases very rapidly. Close to the intersection of the bubble 
periphery with the symmetry axis (around 160-180°), the particle velocity 
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approaches zero and there exists an almost stagnant wake region. The model 
,' 
prediction by Kocatulum [ 51 ·1 for tangential particle velocity is also shown in Figure 
18. Between O O to 120 ° the model and experiments give particle velocities of the 
' 
same magnitude. The model predict~ a peak velocity at 130° with a magnitude of 
about 1.8ub. The model and experiments are in good agreement from 130° to 180°. A 
stagnant wake region is again predicted to occur around 160° to 180°. 
Bubble velocities ub, are plotted as a function of ~g deq on Figures 19 to 21 
for systems of umf = 0.42 cm/s, umf = 3 cm/s and umf = 18 cm/s, respectively. 
The data can be correlated by 
rather than 
ub = 0.48 ~g deq 
ub = 0.43 ~g deq 
ub = 0.40 ~g deq 
for umf = 0.42 cm/s 
' 
for umf = 3 cm/s 
for umf == 18 cm/s 
(74) 
(75) 
(76) 
which was correlated out of data from three-dimensional beds. This retardation can 
be explained by the fact that the bed is two-dimensional (small bed width / bubble 
diameter ratio), and bubbles are subject to wall effects which slow them down. 
3.6. Comparison Qf Model Predictions with Test Results 
Figures 22 to 24 show the exchange coefficients predicted by Chiba et al. and 
Kocatulum and obtained experimentally in this work ·as functions of equivalent 
bubble diameter. In calculating the Kocatulum model prediction for the wake 
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exchange coefficient, the experimentally determined correlations for the bubble 
_velocity, Eq. 74, Eq. 75 and Eq. 67, were substituted into Eq. 60 for the different· 
umf systems. For each experiment, experimental exchange coefficients were 
P" 
calc,ulated by using actual measured bubble velocities. 
For the low umf system ( umf = 0.42 cm/s ), the model by Kocatulum 
overpredicts the exchange coefficient from 4.4 to 21.7 times, whereas the model by 
Chiba et al. underpredicts by 2.5 to 9.6 times. 
For the medium umf system ( umf = 3 cm/s ), the model by Kocatulum 
overpredicts the exchange coefficient from 6.4 to 15.1 times, whereas the model by 
Chiba et al. overpredicts by 1.4 to 2.3 times. 
For the high umf system ( umf = 18 cm/s ), the model by Kocatulum 
overpredicts the exchange coefficient from 3.2 to 5.2 times, whereas the model by 
Chiba et al. overpredicts by 4.2 to 12.3 times. 
The predicted exchange coefficients were nond~· '1ensionalized by multiplying 
I<w by the equivalent bubble diameter and dividing by the bubble velocity obtained 
from Eq. 74, Eq. 75 or Eq. 76, depending on the minimum fluidization velocity of 
the particles under consideration. On the other l1and, the measured bubble velocities 
were used in determining experimental nondimensional exchange coefficients. The 
1·, 
nondimensional group for the wake exchange coefficient is 
Figures 25 to 27 show the nondimensionalized exchange coefficients predicted by 
Chiba et al. and Kocatulum a11d obtained expefimentally in this work as functions of 
equivalent bubble diameter. The experimental results for nondimensional exchange. 
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coefficient decrease with increasing bubble diameter for umf = 0.42 cm/s and timf = 
3 cm/s systems, but increase for "mf = 18 cm/s.""The model predictions by Chiba et -. 
al. follow the same trend as the data for' the umf = 0.42 cm/s and umf = 3 cm/s 
' . . 
systems, but decrease with increasing bubble diameter for the umf = 18 cm/s 
system. The model prediction by Kocatulum, on the other hand, is constant for all 
bubble sizes and minimum fluidization velocities. 
Figure 28 shows the comparison of the variation of nondimensional exchange 
coefficient with minimum fluidization velocity. 
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4. SUMMARY AND CONCLUSIONS 
Solid exchange coefficients between the bubble wake and the emulsion phase 
I • 
' 
were determined ftom measurements of the tracer particle distribution produced 
after ~ single bubble passage in the two-dimensional gas-fluidized bed. The data on, 
wake exchange with two-dimensional bubbles were compared with the predictions of 
existing theories. On the basis of the presented results, the following conclusions can 
be drawn : 
• The bubble rise velocity increases as the square root of bubble diameter. 
• The wake exchange coefficient decreases with increasing bubble diameter. 
• The wake exchange coefficient is a strong function of bubble size for the 
low minimum fluidization velocity systems. 
• The model by Chiba et al. [ 43 ] overestimates the exchange coefficient 
for the umf = 3 cm/s and umf = 18 cm/s systems, and it underestimates 
the exchange coefficient for the umf = 0.42 cm/s. The model by 
Kocatulum [ 50 ] overestimates the exchange coefficient for all three 
systems. 
• Close to the intersection of the bubble periphery with the symmetry axis, 
4 
\., ' a stagnant wake region exists. 
The model by Kocatulum takes the motion of the solid particles around the 
rising bubble as that of an inviscid incompressible fluid with a constant b.~lk density. 
The model also ignores wall effects. In practice, some particles are present between 
the bubble and the bed walls. In addition, particles within the emulsion phase are 
subject to wall effects. Kocatulum, not considering wall effects, obtained larger 
particle flow rates into the bubble wake than were observed experimentally, and 
hence predicted higher exchange coefficients. Thus, the presence of wall effects could 
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be one factor contributing to the difference · between the ·model predictions by 
. 
, 
Kocatulum and ··the data. Other possible reasons for the difference between theory 
and experiment include nonuniformities in the wake region, which were· ignored in 
\ 
analyzing the data and viscous effects, which are .not accounted ,for in Kocatulum's I 
inviscid model. 
Chiba et al. [ 43 ], developed a model for the exchange coefficient which 
• 
depends on the minimum fluidization velocity. This predicts different wake exchange 
coefficients, depending on the minimum fluidization velocity of the system. Even if 
the exchange coefficient depends on the minimum fluidization velocity to some 
degree, the experimental results suggest that it is not as strong a function of 
minimum fluidization velocity as indicated by the Chiba model. 
In future studies, new experimental procedures should be developed and the 
data should be analyzed accounting for the nonuniformities in the wake region. More 
experimental data are required for a wider range of minimum fluidization velocities, 
bubble sizes, particle densities and sizes. A broader data base is also needed for the 
wake exchange with three-dimensional bubbles. 
!l 
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Figure 3. Geldart's particle classification diagram [ 8 ] 
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Figure 4. Comparison of shapes of rising bubbles in water and in flui~ized beds. 
( a) Ba.llotini 0.22 mm ; (b) Glass beads 0.1 to 0.15 mm. [ 1 ] 
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Figure 6. An imagined way in which the wake might begin to form 
behind a spherical bubble [ 12 ] 
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Figure 7. Bubble para.meters as functions of bubble Reynolds number [ 14 ]. 
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APPENDIX 
Error Analysis 
The wake exchange coefficient Kw, is obtained from 
• 
wher~ C1 is the slope of the straight line fit to the ln cp
1 versus h plot, and ub is the 
bubble rise velocity in the bed. 
The uncertainty in the wake exchange coefficient UKw is a result of the 
uncertainty in the measurement of bubble velocity and the uncertainty in fitting a 
straight line to the ln cp 1 versus h plot. UKw may be written as 
where Uub and Uc
1 
are the uncertainties in the bubble velocity measurement and in 
the slope of the straight line fit to the ln cp 1 versus h plot, respectively. Thus, 
2 2 1/2 
UKw = [ ( C1 Uub ) + ( ub Ucl ) ] 
The uncertainty in the bubble velocity was determined by measuring the velocity 
several times. For each bubble, the velocity was measured 5 times. 
The uncertainty in C1 is a result of the error made in the measurement of 
l 
the amounts of tracer and host particles in each layer, and. it is determined by 
plotting ln cp1 versus h and fitting a straight line to the data. A sample error 
analysis is carried out for the 7.94 cm diameter ·bubble in the umf = 3 cm/s system 
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as given below. 
Measured bubble rise velocities ; 30.79, 35.51, 33.56, 34.69 and 32.50 cm/s. 
Mean bubble velocity , ub = 33.41 cm/s. 
· Standard deviation , <1 = 1.66 cm/s. 
I 
I 
/ 
For 95 percent confidence, the uncertainty in the bubble rise velocity is ± 1.960-. 
This gives, 
Uub = ± 3.25 cm/s. 
The slope of the ln cp1 versus h plot is C1 = -0.0118 cm-1 . 
The wake exchange coefficient is obtained from Kw = - C1 ub 
So I<w=- (-0.0118 cm-1)(33.41 cm/s) = 0.3942 s- 1 
The uncertainty in C1 is ±0.0010 cm-1 and thus the uncertainty in the exchange 
coefficient is 
UKw= [ ( 0.0010 cm-1 · 33.41 cm/s )2 + ( 3.25 cm/s · 0.0118 cm- 1) 2 J 1/2 
UKw= ± 0.0509 s-1 
Finally, the exchange coefficient can be expressed as 
I<w = 0.3942 ± 0.0509 s-1 -
which corresponds to a ±13 percent uncertainty. 
Similar analyses were carried out for the rest of the experiments and 
uncertainties in the wake exchange coefficient were found to be between about 10 to 
20 percent. 
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